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A B S T R A C T

Thermal bubble-driven micro-pumps are an upcoming micro-actuator technology that can be directly integrated
into micro/mesofluidic channels, have no moving parts, and leverage existing mass production fabrication
approaches. As such, these micro-pumps hold great promise for micro/mesofluidic systems such as lab-on-a-
chip technologies. To date, thermal bubble-driven micro-pumps have been realized discretely at the micro-scale
(10’s of μm) and meso-scale (100’s of μm) which result in flow rates on the order of pL/pulse to nL/pulse
respectively. However, no current work has studied how pump performance scales as a function of pump
area. In this study, a systematic scaling analysis from micro to meso-scale (10-1000 μm) of thermal bubble-
driven micro-pumps is performed to develop reduced parameter one-dimensional (1D) models with pump area
dependency. We present, for the first time, an empirical relationship between bubble strength and resistor
area across 4 orders of magnitude that generalizes the prevailing reduced parameter 1D model. Namely,
𝑞𝑜(𝐴) = (1.253 × 10−12)𝐴 [𝑘𝑔 ⋅ 𝑚∕𝑠] which was found to fit the data with an R2 value of 0.96. Previously,
experimental data were required to estimate the bubble strength of a particular micro/mesofluidic channel
with a thermal bubble-driven micro-pump of a given area. In this work, the developed empirical relationship
estimates bubble strength as a function of resistor area thus eliminating the need for experimental data to
perform a first-order analysis of thermal bubble-driven micro-pumps. We envision such reduced parameter 1D
models as an important first-order design tool for micro/mesofluidic designers to predict the size of the pump
area needed for a desired flow rate.
1. Introduction

At its core, design of micro/mesofluidic devices consists of as-
semblies of channels and actuators to perform fluidic operations. The
channel geometry and type of actuator is tailored to meet a specific
application. For instance, fluid may need to be routed at high flow
rates (Zhou et al., 2018), be pulsatile (Mutlu et al., 2018), or be
precisely dispensed (Davies et al., 2020). As such, the choice of fluidic
actuator is critical to the function of a micro/mesofluidic system. Mod-
ern micro-pumps have utilized a variety of physics to move fluid at the
micro/nano scale such as electrostatic (Mishchuk et al., 2009; Snyder
et al., 2013), magnetic (Shizhi and Bau, 2009), centrifugal (Duffy
et al., 1999), peristaltic (Vinayakumar et al., 2017), piezoelectric (Ma
et al., 2019), capillary action (Hassan and Zhang, 2020), thermal gra-
dients (Lotfian and Roohi, 2019), and mechanical pressure (Lake et al.,
2017). Thermal bubble-driven micro-pumps (also known as inertial
micro-pumps) are an upcoming actuation technology for moving fluid
without the use of external pump sources or moving parts and can
be directly integrated into micro/mesofluidic channels using existing

∗ Corresponding author.
E-mail address: maccurdy@colorado.edu (R. MacCurdy).

mass fabrication infrastructure (Torniainen et al., 2012; Govyadinov
et al., 2016). Thus, these micro-pumps hold great potential for enabling
commercial ‘‘lab-on-a-chip’’ technologies. However, to date, thermal
bubble-driven micro-pumps have only been discretely demonstrated at
the micro-scale (10’s μm) and meso-scale (100’s of μm) (Govyadinov
et al., 2016; Kornilovitch et al., 2022; Hayes et al., 2022). Little is
known about how the pump dynamics and flow rate change as a func-
tion of micro-pump size. In a realistic micro/mesofluidic application,
the size of the micro-pump along with channel size will be tailored
to the desired flow rate in a channel; as such, understanding how
these micro-pumps scale is critical to commercial applications of this
technology.

Thermal bubble-driven micro-pumps were first theorized and
demonstrated by Yuan and Prosperetti (1999), Ory et al. (2000)
and Yin and Prosperetti (2005) in the 2000’s and commercialized by
Hewlett–Packard Inc., Torniainen et al. (2012), around 2010. Based
on thermal inkjet (TIJ) technology, these micro-pumps consist of a
micro-resistor that locally boils liquid in a micro-channel generating a
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vapor bubble which performs mechanical work. A voltage pulse lasting
a few microseconds superheats an interfacial layer of fluid above the
resistor’s surface close to its critical point (approximately 300 ◦C for
water) which causes explosive boiling (Einat and Grajower, 2010).
The high pressure vapor bubble rapidly expands in the channel until
its internal pressure falls below ambient pressure upon which the
bubble collapses (Govyadinov et al., 2016). Since the vapor bubble
forms in a subcooled liquid, after bubble collapse, the vapor bubble
re-dissolves back into the fluid (Einat and Grajower, 2010). When
placed asymmetrically in a micro-channel with reservoirs at either end,
the momentum imbalance upon bubble collapse creates a net fluid
pumping effect for each actuation pulse (Kornilovitch et al., 2022,
2013).

In an arbitrary micro/mesofluidic system, a range of flow rates
and flow control are often needed. For instance, consider a microflu-
idic oil–water droplet generator. The size of the droplets and droplet
spacing are controlled primarily by the ratio of flow rates in the feed
channels (Ibrahim et al., 2021). As such, thermal bubble-driven micro-
pumps must be able to operate over a range of flow rates and flow
control. There are two primary control mechanisms to vary the flow
rate of these micro-pumps: (1) firing frequency and (2) resistor size.
The effect of firing frequency on thermal bubble-driven micro-pumps
has been well studied at the micro-scale in which the flow rate increases
proportionally with firing frequency up to the limit when fluid no
longer is at rest at the start of the next firing event (Torniainen et al.,
2012; Govyadinov et al., 2016). However, to date, thermal bubble-
driven micro-pumps have been solely studied at discrete resistor sizes
on the micro-scale (15 × 33.3 μm2) and meso-scale (300 × 700 μm2). No
work has described how the bubble dynamics and flow physics change
from micro to meso-scale. Thus, the present work studies how thermal
bubble-driven micro-pump bubble and flow physics vary as a function
of micro-pump size. In this work, we investigate micro-pump scaling
from the micro-scale to meso-scale and develop reduced parameter one-
dimensional (1D) models to account for pump size. To our knowledge,
this is the first work that investigates thermal bubble-driven micro-
pump size scaling and describes the empirical relationship between
bubble strength and resistor area in an attempt to make the reduced
parameter 1D model (see Govyadinov et al., 2016; Kornilovitch et al.,
2013 for a complete derivation) of thermal bubble-driven micro-pumps
more generalized. Instead of requiring experimental data to estimate
the bubble strength for a particular microfluidic channel with a thermal
bubble-driven micro-pump of a given area, this work provides an
estimate for the bubble strength as a function of the resistor area using
the reduced parameter 1D model thus eliminating the need for experi-
mental data to perform a first-order analysis of thermal bubble-driven
micro-pumps. Additionally, we demonstrate that these micro-pumps
can produce flow rates ranging from pL/pulse (15 × 33.3 μm2 resistors)
to nL/pulse (500 × 1000 μm2 resistors) with a maximum theoretical
firing frequency ranging from 10’s of kHz to 100’s of Hz respectively.
We envision that a realistic micro/mesofluidic system using thermal
bubble-driven micro-pumps will incorporate a variety of micro-pump
sizes ranging from smaller micro-pumps to enable high precision fluid
handling to larger micro-pumps to enable high throughput, high flow
rate fluid handling. As such, this work provides a foundation to estimate
the size of the micro-pump needed to achieve a desired flow rate for
microfluidic designers.

2. Pump physics

2.1. Operating principle

Although geometrically simple, the physics underlying the oper-
ation of thermal bubble-driven micro-pumps are complex. During a
microsecond heating pulse, fluid is heated to near its critical temper-
ature (300 ◦C for water) at heating rates of 100 ◦C/μs (Einat and
Grajower, 2010). This thermal impulse results in explosive boiling
2

Fig. 1. Pump dynamics — illustrates the pumping process for a thermal bubble-driven
micro-pump. (a) depicts the one-dimensional (1D) model setup for a micro-resistor
placed at 𝑥 = 𝑥𝑜 between two reservoirs in a channel of length 𝐿. During a heating
pulse, fluid is locally boiled above the resistor’s surface creating a high pressure vapor
bubble (b) that then expands in the channel displacing fluid (c). Fluid has less mass in
the short leg than the long leg which results in the short bubble leg having a greater
acceleration. As the vapor bubble expands, it loses energy until its internal pressure
drops below atmospheric pressure upon which the vapor bubble collapses (d). The
point of complete bubble collapse occurs a distance 𝛥𝑥 from the resistor center which
represents the primary pumping effect, and the momentum of the short leg upon collapse
is greater than that of the long leg which causes flow in the direction from short to long
leg and is known as the secondary pumping effect. Images modified from Kornilovitch
et al. ‘‘One-dimensional model of inertial pumping’’, Physical Review E, 87, 2, 2013;
used with permission from American Physical Society (Kornilovitch et al., 2013).

at the resistor’s surface which forms a single high pressure vapor
bubble (Okuyama et al., 2006). If the resistor is placed asymmetrically
in a channel between two reservoirs, the expansion–collapse dynamics
of the vapor bubble result in unidirectional flow from the short to the
long leg of the channel (Govyadinov et al., 2016), where ‘‘short leg’’
refers to the shorter channel segment from the reservoir to the center
of the resistor as shown in Fig. 1. A detailed discussion of the pump
physics can be found in our past work (Hayes et al., 2021) which is
summarized below for completeness.

Consider a single vapor bubble expansion–collapse event, Fig. 1.
Initially, a micro-resistor is placed at 𝑥 = 𝑥𝑜 in a rectangular channel
of length 𝐿 between two reservoirs. A heating voltage pulse is applied
to the micro-resistor which causes explosive boiling that forms a single
high pressure vapor bubble, Fig. 1b. Since the short leg of the channel
has less fluid and therefore less mass than the long leg, the vapor
bubble accelerates faster in the direction of the short leg, Fig. 1c. As the
vapor bubble expands, it loses energy resulting in a rapid pressure drop
bringing the bubble pressure to sub-atmospheric pressures which causes
the vapor bubble to collapse, Fig. 1d. Since momentum is dissipated
faster in the short leg than the long leg due to inertia, the short bubble
leg collapses faster than the long bubble leg. Thus, the vapor bubble
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fully collapses at a point slightly further from the resistor center, 𝑥 =
𝑥𝑜 + 𝛥𝑥, and the short leg has a greater momentum than the long
leg upon collapse which accelerates the fluid from the short to long
leg of the channel until brought to rest by viscosity, Fig. 1e. These
two effects, namely the vapor bubble collapsing at a point slightly
further from the resistor center and the momentum imbalance upon
collapse, result in net fluid displacement during each pump cycle and
are known as the primary pumping effect and secondary pumping effect
respectively (Kornilovitch et al., 2013).

2.2. Modeling of thermal bubble-driven micro-pumps

Modeling of thermal bubble-driven micro-pumps is important for
fundamental understanding as well as application of these micro-pumps
in commercial micro/mesofluidic systems. There are two common mod-
eling approaches: full three-dimensional (3D) computational fluid dy-
namics (CFD) models (Hayes et al., 2021; Ruiz, 2007; Tan et al.,
2015; Hayes et al., 2023) and reduced parameter one-dimensional (1D)
models (Torniainen et al., 2012; Govyadinov et al., 2016; Kornilovitch
et al., 2022; Yuan and Prosperetti, 1999; Kornilovitch et al., 2013).
In 3D CFD models, thermal bubble nucleation, heat transfer, and 2-
phase flow are represented mathematically as a complex system of
coupled multiphysics equations. The Navier–Stokes equations describe
the transport of mass, momentum, and energy for an incompressible
fluid:

∇ ⋅ 𝐕 = 0 (1)

𝜌𝐷𝐕
𝐷𝑡

= −∇𝑃 + 𝜇∇2𝐕 + 𝜌𝐅 (2)

𝜌𝑐𝑝
𝐷𝑇
𝐷𝑡

= 𝑘∇2𝑇 + 𝑞′′′𝑔𝑒𝑛 (3)

here V is the velocity field, 𝜌 is the fluid density, P is the scalar
ressure field, 𝜇 is the fluid viscosity, F is an external body force, 𝑐𝑝
s the heat capacity at constant pressure, k is the thermal conductivity,

is the temperature, and 𝑞′′′𝑔𝑒𝑛 is the volumetric heat generation. In
ur past work (Hayes et al., 2021), FLOW-3D was used to numeri-
ally solve the Navier–Stokes equations via the volume-of-fluid (VOF)
ethod (Hirt and Nichols, 1981) and homogeneous bubble nucleation
as modeled by approximating the vapor pressure inside the bubble
s a function of bubble temperature through the Clausius–Clapeyron
quation (Borgnakke and Sonntag, 1999).

Although full multiphysics 3D CFD models accurately predict bub-
le and flow physics, such models are computationally expensive and
ll-suited for optimization or first-order microfluidic designs (Hayes
t al., 2021; Ruiz, 2007). As such, reduced parameter one-dimensional
1D) models are used to rapidly design, analyze, and optimize
eso/microfluidic systems with thermal bubble-driven micro-pumps.
educed parameter 1D models simplify the complex multiphysics to

racking the evolution of fluid–vapor interfaces over time subjected to
ressure initial conditions. In this study, we follow the approach from
ornilovitch et al. in which explosive boiling at the resistor’s surface is
escribed by a high pressure vapor bubble of pressure 𝑝𝑣, Fig. 1b, that
ushes fluid out of the channel creating fluid–vapor interfaces 𝑥1 and
2 (Kornilovitch et al., 2013). 𝑝𝑣 is modeled as

𝑣(𝑡) =
𝑞𝑜
𝐴
𝛿(𝑡) + 𝑝𝑣𝑟 (4)

where 𝑞𝑜 is the mechanical momentum imparted to both fluid columns
denoted as the bubble strength (on the order of 10−10 kg m∕s for a 22
× 17 μm2 rectangular cross-section), A is the cross-section channel area,
𝛿(𝑡) is the Dirac delta function, and 𝑝𝑣𝑟 is the vapor saturation pressure
at room temperature (𝑝𝑣𝑟 ≈ 0.3𝑝𝑜) (Kornilovitch et al., 2013). Once the
bubble strength for a given resistor area is known, the 1D model can
be used to predict bubble dynamics and flow rate; as such, the focus of
this paper is determining an empirical relationship for 𝑞𝑜 as a function
3

of resistor area. The equations of motion for the bubble and fluid are a
determined by analyzing the momentum gained/lost during a bubble
expansion and collapse cycle. Namely,

𝐴𝜌𝑥1𝑥̈1 + 𝜅𝑥1𝑥̇1 = (𝑝1 − 𝑝𝑣)𝐴 (5)

𝐴𝜌(𝐿 − 𝑥2)𝑥̈2 + 𝜅(𝐿 − 𝑥2)𝑥̇2 = (𝑝𝑣 − 𝑝2)𝐴 (6)

where A is the cross-sectional channel area, 𝜌 is the fluid density, 𝜅 is
he characteristic strength of the viscous force derived in Appendix A
approximately 0.0184 Pa s for a 17 × 22 μm2 rectangular channel cross-
ection), L is the channel length, 𝑝1 and 𝑝2 are the pressures at the
hannel inlet/outlet, and 𝑝𝑣 is the bubble pressure. Pressures immedi-
tely outside the channel 𝑝1,2 can vary from the bulk reservoir pressures

𝑝1𝑏,2𝑏 due to source flow from the reservoir and is accounted for by a
Bernoulli term added to the bulk reservoir pressure shown below. m
= {0, 1} is a discrete parameter to select between pressure models and
H(x) is the Heaviside function (Ory et al., 2000; Kornilovitch et al.,
2013). We follow the approach by Kornilovitch et al. and take m = 1
to account for source flow.

𝑝1 = 𝑝1𝑏 −
𝑚
2
𝜌𝑥̇1

2𝐻(𝑥̇1) (7)

𝑝2 = 𝑝2𝑏 −
𝑚
2
𝜌𝑥̇2

2𝐻(−𝑥̇2) (8)

In a simple one bubble and one channel network, initial positions
start at the resistor center and initial velocities are found through
momentum balances.

𝑆ℎ𝑜𝑟𝑡 𝐴𝑟𝑚 𝐿𝑜𝑛𝑔 𝐴𝑟𝑚

𝑥1(0) = 𝑥𝑜 𝑥2(0) = 𝑥𝑜
𝑥̇1(0) = − 𝑞𝑜

𝜌𝐴𝑥𝑜
𝑥̇2(0) =

𝑞𝑜
𝜌𝐴(𝐿−𝑥𝑜)

(9)

qs. (5)–(6) describe the bubble and flow dynamics during pre-collapse,
here the vapor bubble expands and collapses in the channel but does
ot re-dissolve back into the fluid. During post-collapse, where the vapor
ubble re-dissolved back into the fluid, the equations of motion are
odified. At the time of collapse, t = 𝑡𝑐 , the bubble is at position 𝑥 = 𝑥𝑐

with short and long arm velocities 𝑣(1,2)𝑐 . Here, we use the notation
𝑣(1,2)𝑐 to refer to the velocity of interface 1 and 2 respectively at the
time of collapse. The end pre-collapse positions and velocities define
the starting initial conditions of the post-collapse phase. As such, after
complete bubble collapse, the dynamic equations become

𝐴𝜌𝐿𝑥̈ + 𝜅𝐿𝑥̇ = (𝑝1 − 𝑝2)𝐴 (10)

here a single interface 𝑥 now models the fluid motion. From conser-
ation of momentum, the initial conditions for the post-collapse bubble
egime are as follows:

𝑃𝑜𝑠𝑡 − 𝐶𝑜𝑙𝑙𝑎𝑝𝑠𝑒

𝑥(𝑡𝑐 ) = 𝑥𝑐
𝑥̇(𝑡𝑐 ) =

𝜌𝐴𝑥𝑐𝑣1𝑐+𝜌𝐴(𝐿−𝑥𝑐 )𝑣2𝑐
𝜌𝐴𝐿 .

(11)

The 1D model provides a way to quickly estimate the net volume
displaced per pulse (also known as the per pulse flow rate) and is a
valuable first-order design tool for microfluidic systems utilizing ther-
mal bubble-driven micro-pumps. This work analyzes the relationship
between bubble strength, 𝑞𝑜, and pump size, 𝐴, to map the function

= 𝑞𝑜(𝐴) and provides a framework to predict the size of a thermal
ubble-driven micro-pump needed to achieve a specified per pulse flow
ate.

. Materials and methods

.1. Resistor and micro/mesofluidics design & fabrication

Laser cutting provides a way to rapidly fabricate single material,
igh-power resistors and micro/mesofluidic acrylic channels through
rapid non-fab process (by which we mean a non semiconductor
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Fig. 2. Resistor and Micro/Mesofluidic Design & Fabrication — displays the design and fabrication of both resistor and micro/mesofluidic channel components of a thermal
bubble-driven micro-pump. Devices are made using laminate processing in which FTO coated glass is laser cut to define the resistor region, a 200 μm acrylic sheet with 58.42 μm
adhesive glue on both sides is manually aligned and pressed to the glass, and a 1 mm acrylic sheet is used to cap the open channels making the device water tight. Inset image
1, top right, illustrates a 3D Keyence confocal height map of the channel layer. Inset image 2, bottom right, illustrates a 2D Keyence confocal image of the resistor region (300 ×
700 μm2).
micro-fabrication workflow). Here, we use a 6DLasers laser micro-
machine which has a Light Conversion CARBIDE-CB5 Femtosecond
UV source, an ALIO 6D Hybrid Hexapod stage, and an integrated
SCANLAB excelliSCAN galvanometer positioning system with a spot
size of approximately 5 μm enabling a minimum resolution of structures
on the order of 10’s of μm. The detailed workflow and femtosecond
laser processing parameters are described and characterized in our past
work (Hayes et al., 2022).

Fig. 2 summarizes the design and fabrication process for a thermal
bubble-driven micro-pump. Fusion 360 was used to design the resistor
and channel geometries. Resistors were designed to target a range of
rectangular dimensions (300 × 700 μm2 in Fig. 2) and a 250 μm fillet
for each corner was used to minimize hot spots near the edges of
the resistor which can cause device failure (Bar-Levav et al., 2020).
Once designed, resistors were fabricated by laser cutting commercial
8 Ω/sq, 340 nm fluorine-doped tin oxide (FTO) thin film coated glass
(Sigma Aldridge, St. Louis, MO, USA). To define the micro/mesofluidic
channels, a 58.42 μm glue layer (3M 467MP) was laminated to both
sides of a 200 μm thick acrylic sheet (Emco Industrial Plastics) which
was then manually aligned and pressed over the FTO resistor. A 1 mm
thick acrylic sheet was used to cap the open channels making the device
water tight. Femtosecond laser processing provides a non-fab method
to rapidly fabricate thermal bubble-driven micro-pumps with near-fab
resolution as shown by Keyence VK X-1100 optical profilometer images
in Fig. 2 (top right and bottom right inset images). A U-shaped channel
with a common reservoir was used to simplify the micro/mesofluidic
setup as it ensured no pressure gradient between the two sides of the
channel.

3.2. Electrical and imaging setup

Thermal bubble-driven micro-pumps are high-speed actuators in
which bubble nucleation, expansion, and collapse occurs in less than
100 μs (Govyadinov et al., 2016; Hayes et al., 2022). Furthermore, bub-
ble nucleation results from a high-power, rapid heating pulse lasting
on the order of 𝜇s’s. As such, custom electrical and imaging setups
were utilized to deliver the transient heating pulses as well as perform
stroboscopic high-speed imaging. The electrical setup used in this study
is detailed in our past work (Hayes et al., 2022) and is capable of
delivering 0–300 V, 0–5.6 A, 0.1–100 μs heating pulses. The electrical
setup is time synced to a custom imaging setup in which a high
intensity LED light source (Lightspeed Technologies HPLS-36DD18B)
and a Basler CMOS camera with a global shutter (a2A1920-160 umBAS)
is used to enable high resolution stroboscopic high-speed imaging. The
4

Fig. 3. Stroboscopic imaging setup — illustrates the custom stroboscopic imaging setup
used to image vapor bubble dynamics and particle velocimetry data. The system is
capable of imaging at up to 20 Mfps.

HPLS-36DD18B LED can be pulsed from 50 ns–2 μs at a 1% duty cycle
which sets the maximum effective frame rate of the system at 20 Mfps.
The imaging setup is shown in Fig. 3 and is described in detail in our
past work (Hayes et al., 2022).

3.3. Particle tracking and flow rate measurement

To measure the flow rate, 1–10 μm and 27–32 μm diameter neutrally
buoyant particles (Cospheric Inc., Goleta, CA, USA) were added to
the channel reservoir and Lagrangian particle tracking was used to
calculate the per pulse flow rate. For smaller channel dimensions, 1–
10 μm particles were required to properly sample the flow; for larger
channel dimensions, 27–32 μm particles were adequate. A MATLAB
implementation of the interactive data language, IDL, particle tracking
software (Crocker and Grier, 1996) was used to identify and track
particle movement for each firing pulse. We follow the approach put
forth from Kornilovitch et al. (2022) to better estimate the average
velocity in a micro-channel by focusing the image plane on the center
of the channel to record the particles with the fastest velocity and then
using a 1:1 theoretical mapping between the maximum velocity and
average velocity in a rectangular micro-channel to estimate the average
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Fig. 4. Bubble strength computation — depicts the steps to estimate bubble strength from experimental particle tracking data. (a) particle tracking data is collected for a given
resistor and channel geometry. (b) 𝑁 = 2500 firing events are recorded to ensure sufficient statistics to estimate the average velocity in the channel and thus the volume displaced
per pulse, denoted as 𝑉𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒. (c) parameter optimization using MATLAB fminsearch algorithm is performed to find the needed bubble strength, 𝑞𝑜, such that the experimentally
calculated volume displaced per pulse, 𝑉𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒, matches that of the predicted volume displaced per pulse from the 1D model, denoted as 𝑉 ∞

𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑑 . (d) output from the 1D model
with the final estimation of the bubble strength to match experimental data.
velocity. A complete discussion of this procedure is provided in our past
work (Hayes et al., 2022).

3.4. Computation of bubble strength

Bubble strength, 𝑞𝑜, is the initial mechanical momentum imparted
to both fluid columns as a result of the vapor bubble nucleation.
Mathematically, the bubble strength appears in the initial conditions,
Eq. (9), for the vapor bubble equations of motion, Eqs. (5)–(6). To
estimate the bubble strength for a given resistor and channel geometry,
the following steps are performed, shown graphically in Fig. 4:

1. Particle Tracking. Experimental particle tracking data is recorded
with 𝑁 = 2500 firing events, Fig. 4a.

2. Estimate Volume Displaced per Pulse. The maximum velocity is
estimated from particle tracking statistics, Fig. 4b, and used
to estimate the average velocity per pulse in the channel and
thus the volume displaced per pulse (for a complete description
see Kornilovitch et al., 2022 and Hayes et al., 2022).

3. Solve for Bubble Strength. Parameter optimization using MATLAB
fminsearch is performed to compute the bubble strength such that
the predicted volume displaced per pulse from the 1D model
matches that of the experimental data, Fig. 4c-d.

We note that each computation of the bubble strength is based on 𝑁
= 2500 experimental firing events to collect sufficient particle tracking
statistics to estimate the average velocity and thus volume displaced
per pulse for a given resistor and channel geometry.

4. Vapor bubble dynamics (Unconfined vs. Confined)

Vapor bubble dynamics of thermal bubble-driven micro-pumps di-
rectly determine pump performance. That is, the flow rate per pulse
depends on the pressure of the initial vapor bubble, the degree of
homogeneous vs. heterogeneous nucleation, the speed of vapor bubble
expansion and collapse, and the maximum vapor bubble volume. Each
parameter is influenced by the power and energy of a firing pulse.
This is a complex parameter space. Past literature has shown that the
heating rate determines the extent of homogeneous vs. heterogeneous
nucleation during the onset of boiling (Einat and Grajower, 2010;
Okuyama et al., 2006). In the ideal case, a thermal bubble-driven
5

micro-pump makes use of a single, high pressure vapor bubble that
forms uniformly over the surface of a resistor to perform mechanical
work. However, if the heating rate is too high, the superheat energy
at boiling incipient decreases which causes a smaller vapor bubble
growth and thus less mechanical work; if the heating rate is too
low, heterogeneous nucleation can occur resulting in multiple, lower
pressure vapor bubbles instead of a single, high pressure vapor bubble
that forms in the case of homogeneous nucleation (Okuyama et al.,
2006). Thus, there is a tradeoff between the power and energy of a
firing pulse. In this study, we fixed the firing pulse duration at 𝜏 = 5 μs
and varied the power to achieve different energies and heating rates.
Determination of optimal firing pulse parameters is a crucial part of
thermal bubble-driven micro-pumps operation and is discussed in the
next section.

We found that additional complexity is introduced when vapor
bubbles are confined in a closed channel. Fig. 5 compares unconfined
vs. confined vapor bubble dynamics for a 300 × 600 μm2 resistor with
250 μm corner fillets. The confined case utilizes a U-shaped channel
shown in Fig. 2 in which the channel width, channel height, channel
length, and resistor distance from reservoir were 366 μm, 329 μm,
7.191 mm, and 926 μm respectively. A firing pulse of P = 265 W
was used to ensure consistency. As shown in Fig. 5, when confined,
the vapor bubble breaks up instead of behaving as a single bubble
like in the unconfined case. This is a different modality for thermal
bubble-driven micro-pumps when compared to that on the micro-scale
which will be the focus of future work. In the unconfined case, Fig. 5a,
the vapor bubble nucleates around t = 3.5 μs and small bubbles
quickly coalesce into a single vapor bubble which rapidly expands and
collapses. Here, the vapor bubble expands against atmospheric pressure
and follows a standard expansion, collapse, and post-collapse cavitation
timeline observed in literature (Torniainen et al., 2012; Hayes et al.,
2022; Ory et al., 2000). In the confined case, Fig. 5b, the vapor bubble
nucleates around t = 3.5 μs and small bubbles quickly form distinct
vapor regions, t = 4.5 μs, that break up as the vapor bubble grows,
t = 10 μs. We hypothesize that the non-uniform heating zone and
nucleation incipient at the resistor corners creates vapor bubble regions
of different pressures which interact and cause the vapor bubble to
break up. However, a detailed analysis of confined vapor bubble break
up is beyond the scope of this study and will be the focus of future
work. Nevertheless, it is important to note that vapor bubble dynamics
are inherently different for unconfined vs. confined cases.
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Fig. 5. Unconfined vs. Confined bubble dynamics — displays stroboscopic high speed imaging of vapor bubble dynamics for both open reservoir (unconfined) and closed channel
(confined) case studies. In both cases, a firing pulse of P = 265 W was applied to 300 × 600 μm2 resistors with 250 μm corner fillets. In (a), water was placed on the surface
of a 300 × 600 μm2 resistor and bubble dynamics were imaged. Bubble nucleation occurs at t = 3.5 μs upon which the vapor film rapidly coalesces and expands until reaching
its maximum extent, t = 17.0 μs, upon which the vapor bubble collapses. Vapor bubble collapse creates a cavitation event, t = 44.5 μs, which causes vapor bubble rebound. In
(b), a U-shaped channel, as shown in Fig. 2, was placed over the resistor and filled with water in which the channel width, channel height, channel length, and resistor distance
from reservoir were 366 μm, 329 μm, 7.191 mm, and 926 μm respectively. Bubble nucleation occurs at t = 3.5 μs upon which the vapor film expands and forms distinct regions,
t = 6.0 μs. During expansion, the bubble breaks up, t = 10.0 μs, and begins to collapse at t = 17.0 μs until it fully collapses without bubble rebound at a t = 70 μs. Stroboscopic
imaging was performed at 2 Mfps.
5. Scaling analysis

5.1. Resistor firing parameters

Optimal resistor firing parameters (pulse duration and voltage) are
critical for operation of thermal bubble-driven micro-pumps. If too little
energy, the vapor bubble will be underdriven resulting in little to no
flow; if too much energy, the vapor bubble will be overdriven and the
thin film resistor will burnout. As such, it is important to map the
optimal firing parameters to avoid underdriving or overdriving FTO
6

thin film resistors across size scales. In this study, the peak current
density is used as a metric of the energy input,

𝐽 = 𝐼
𝑤𝑡𝑓

=
𝑉 ∕𝑅
𝑤𝑡𝑓

(12)

where I is the bulk current, w is the resistor width, 𝑡𝑓 is the thickness
(340 nm in the case of FTO 8 Ω/sq glass), V is the voltage, and R
is the total resistance. We utilized a 5 μs pulse duration and varied
the voltage to change the peak current density. Theoretically, an ideal
rectangular TIJ resistor would exhibit energy saturation in which the
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vapor bubble grows up to a certain limit upon which additional energy
results in negligible gains in the vapor bubble area and observed flow
rate. This saturation phenomenon, known as vapor lock, occurs when
the entire fluid layer in contact with the resistor’s surface vaporizes
creating a vapor blanket that insulates the hot resistor from the rest
of the fluid. Once the vapor blanket forms, any further increase in
resistor temperature does not result in additional heat transfer to the
fluid (Kornilovitch et al., 2022). In this case, the max bubble area as a
function of peak current density would follow a Sigmoid function which
is bounded,

𝑆1 (𝐽 ) =
𝑎

1 + 𝑏𝑒−𝑐(𝐽−𝑑)
(13)

here J is the peak current density, and {𝑎, 𝑏, 𝑐, 𝑑} are model fitting
arameters. However, in this study, we use resistor designs with filleted
dges to reduce current crowding and burnout, which results in a non-
niform heating zone, see Fig. 2. Thus, additional energy input causes
he effective bubble nucleation zone to increase in area which results
n a monotonically increasing max bubble area as a function of peak
urrent density. Fig. 6 shows this behavior across different size FTO 8
/sq resistors ranging from A = width × height = 100 × 200 μm2 to A =

450 × 900 μm2. Water is placed over the resistor’s surface, which we de-
note as an ‘‘open channel’’ or ‘‘unconfined’’ configuration meaning the
resistor is not confined to a channel. The peak current density is used
as a metric to indicate underdriven, transition, optimal, and overdriven
vapor bubble regimes colored red, yellow, green, and red from left to
right respectively. Inset images display the vapor bubble as it progresses
from underdriven to overdriven for the A = 400 × 800 μm2 resistor.
To quantify the firing conditions independent of resistor area, the max
bubble area is normalized at the largest common peak current density
tested across all sizes. Instead of a bounded Sigmoid function to model
the vapor bubble growth as a function of energy input, a parameterized
inverse hyperbolic sine function is used which is unbounded,

𝑆2 (𝐽 ) = 𝑎 ⋅ 𝑙𝑜𝑔
(

(𝐽 − 𝑐) +
√

𝑏 + (𝐽 − 𝑐)2
)

(14)

where J is the peak current density, and {𝑎, 𝑏, 𝑐} are model fitting
parameters. Fig. 7 shows the max normalized bubble area as a function
of peak current density. It can be seen that the max normalized bubble
area is independent of resistor size. As such, the fitted inverse hyper-
bolic sine function is used to define vapor bubble operating regimes.
Underdriven is defined as 𝑆2 < 0.08, transition is defined as 0.08 < 𝑆2 <
0.90, optimal is defined as 0.90 < 𝑆2 < 0.95, and overdriven is defined
as 𝑆2 > 0.95 where 𝑆2 is the max normalized bubble area fitted inverse
hyperbolic sine function. Thus, the optimal firing condition, 0.90 < 𝑆2
< 0.95, corresponds to peak current densities of 2.11 × 1010 < J < 2.29
× 1010 A/m2 which is utilized throughout this study to ensure a fully
developed vapor bubble.

5.2. Frequency dependence of pumping

Commercial thermal bubble-driven micro-pump resistors can oper-
ate at firing frequencies up to 10’s of kHz without substantial heat
buildup due to their small size scale (10’s μm) and silicon substrate
to remove heat from the system after a firing pulse (Torniainen et al.,
2012). However, in this study, we utilize large resistors (100’s μm) on
a glass substrate in which the heat buildup per firing pulse can be
significant. The thermal conductivity of silicon is approximately 148
times higher than that of glass (k = 148 W

mK for silicon vs. k = 1 W
mK for

lass. As such, for resistors in this studied made with a glass substrate,
esidual heat causes the initial resistor temperature to increase which,
n turn, causes the nucleation temperature to increase and thus the
icro-pump flow rate will be dependent on the firing rate.

This phenomenon can be demonstrated through a
umped-capacitance 1D heat conduction model of the resistor. Resistive
eating in thermal bubble-driven micro-pumps can be modeled using
7

D heat conduction, due to the high heating rates on the order of 100 f
◦C∕μs (Okuyama et al., 2006), with two stages: (1) heating and (2) cool
down. During the heating stage, the applied voltage pulse causes rapid
heating of the resistor as detailed in Eq. (15)

𝜌𝑠–𝑉 𝑐𝑝
𝑑𝑇ℎ
𝑑𝑡

=
𝑉 2
𝑎𝑝𝑝

𝑅
− ℎ𝐴(𝑇ℎ − 𝑇∞) (15)

ith initial condition of 𝑇ℎ(0) = 𝑇𝑜 where 𝜌𝑠 is the resistor material
ensity, –𝑉 is the heater volume, 𝑐𝑝 is the specific heat capacity, 𝑇 is
he temperature, 𝑡 is the time, 𝑉𝑎𝑝𝑝 is the applied voltage, 𝑅 is the
esistance, ℎ is the heat transfer coefficient, 𝐴 is the top-down resistor
rea, 𝑇∞ is the temperature of the fluid, and 𝑇𝑜 is the initial resistor
emperature. Similarly, the cool down stage is modeled as

𝑠–𝑉 𝑐𝑝
𝑑𝑇𝑐
𝑑𝑡

= −ℎ𝐴(𝑇𝑐 − 𝑇∞) (16)

ith initial condition of 𝑇𝑐 (𝜏) = 𝑇ℎ(𝜏) where 𝜏 is the heating pulse
uration and the initial condition is coupled to the final temperature at
he end of the heating stage. In this study, the resistive heater is made
rom FTO with a density of 7120 kg/m3, specific heat capacity of 341
/(kg K), and film thickness of 340 nm. For this canonical example, we
onsider a 300 × 700 μm2 resistor with resistance of 44.8 Ω upon which
heating pulse of 20 V is applied for 5 μs. The resistor temperature

tarts at ambient and rapidly increases due to Joule heating until the
oltage pulse ends and the resistor’s surface cools down at a decay
ate set by the heat transfer coefficient. It is difficult to experimentally
etermine the heat transfer coefficient for this system since the heat
ransfer coefficient is time dependent and greatly affected by the pres-
nce of vapor over the resistor (Ruiz, 2007). As such, for the purpose
f this example, we consider the heat transfer coefficient constant at
W/(m2 K). We note that this selection is arbitrary and chosen such

hat simulated temperatures are close to what would be expected for
IJ resistors. For this hypothetical resistive heater, a firing frequency
f 1 Hz provides sufficient time for the resistor to fully cool down
fter each pulse, Fig. 8a. However, if the firing frequency is increased
uch that the resistor fails to fully cool down after each firing pulse,
ach subsequent pulse will add residual heat to the system until a new
hermal steady-state condition is reached, Fig. 8b.

This mechanism acts to both increase the resistor temperature as
ell as pre-heat the bulk liquid around the resistor which will result

n a stronger vapor bubble at the onset of nucleation; that is, the
nitial pressure of the vapor bubble will be larger due to a larger
ucleation temperature which in turn will yield an increased flow
ate (Kornilovitch et al., 2022). This phenomenon is observed experi-
entally, Fig. 9, in which the flow rate as a function of firing frequency

s measured for three meso-scale thermal bubble-driven micro-pumps
300 × 600, 400 × 800, and 500 × 1000 μm2). As the firing frequency
ncreases, the flow rate per pulse also increases. To ensure consistency
hroughout this study, thermal bubble-driven micro-pumps were pulsed
t 10 Hz unless otherwise specified.

.3. Maximum firing frequency for linear operation

The maximum theoretical firing frequency for a thermal bubble-
riven micro-pump to operate linearly can be described in two ways:
1) the time required for a vapor bubble to re-dissolve back into the
ubcooled liquid and (2) the time required for fluid motion to fully
xtinguish before the next firing pulse. Thermal bubble-driven micro-
umps operating in the linear regime implies that the per pulse flow rate
s constant across firing frequency; that is, each firing pulse results in a
onsistent, unit amount of fluid displacement. This mode of operation
nables a high degree of controlability and predictability for these
icro-pumps. However, the linear operating regime is only obtained

f the firing frequency allows for a delay time that is below both
forementioned conditions (1) and (2). Otherwise, the remnant vapor
ubble, as in (1), or fluid motion, as in (2), from the previous firing
ulse will affect the next pump cycle resulting in a decay in the per pulse

low rate (Govyadinov et al., 2016). In a practical micro/mesofluidic
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Fig. 6. Open channel firing conditions — displays the max bubble area as a function of peak current density for different size FTO resistors. The peak current density is used as
a metric to indicate underdriven, transition, optimal, and overdriven vapor bubble regimes colored red, yellow, green, and red from left to right respectively. Operating regimes
are further defined in Fig. 7. Inset images show the maximum vapor bubble for the 400 × 800 μm2 case as it progresses from underdriven to overdriven. Each sample point was
performed in triplicate. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Open channel firing conditions normalized — displays the max normalized bubble area as a function of peak current density for different size FTO resistors. The max
bubble area is normalized at the largest common peak current density tested across all sizes. A parameterized inverse hyberbolic sine function is used to fit the data and identify
operating vapor bubble regimes. The optimal firing condition was selected as 0.90 < 𝑆2 < 0.95 to avoid resistor burnout which corresponds to peak current densities of 2.11 ×
1010 < J < 2.29 × 1010 A/m2. Each sample point was performed in triplicate.
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Fig. 8. 1D Heat conduction model for frequency dependence of resistive heating —
illustrates the proposed mechanism of flow rate dependency on firing frequency in
thermal bubble-driven micro-pumps. A 300 × 700 μm2 FTO resistive heater (44.8 Ω)
with a density of 7120 kg/m3, specific heat capacity of 341 J/(kg K), and film thickness
of 340 nm is modeled using Eqs. (15) and (16). A heating pulse of 20 V is applied
for 5 μs and a constant heat transfer coefficient of 5 W/(m2 K) is used. (a) depicts 𝑁
= 5 pulses at a firing frequency of 1 Hz while (b) depicts 𝑁 = 50 pulses at a firing
frequency of 10 Hz. Residual heat buildup leads to an increased base temperature when
the firing frequency exceeds the time required to fully cool down.

system with thermal bubble-driven micro-pumps, it may be unavoid-
able or even intended to operate in the non-linear regime; thus, it
is important to understand where these micro-pumps transition from
linear to non-linear operation.

We start with condition (1). Fig. 10a depicts the maximum firing
frequency as a function of resistor area derived from the vapor bubble
collapse time for operation in the linear regime. Specifically, the maxi-
mum firing frequency is defined as the inverse of the time required for
the vapor bubble to fully collapse, as shown in the inset in Fig. 10a.
Both open channel, defined as when a pool of water is placed over a
resistor, and closed channel, defined as when a resistor is confined in a
micro/meso-channel, geometries were used with dimensions specified
in Appendix B. We find that although the shape of the bubble area
vs. time graph differs for open vs. closed channel devices (see past
work Hayes et al., 2022), the vapor bubble collapse time is similar. We
hypothesize that this mechanism is due to the vapor bubble initializing
with a similar temperature and pressure regardless of if it is unconfined
or confined to a channel. In Fig. 10a, linear operation is specified as all
points below the power law curve fit, shown in green, and non-linear
operation is specified as all points above the power law curve fit, shown
in yellow.

With respect to condition (2), Fig. 10b depicts the maximum firing
frequency as a function of resistor area derived from the fluid extinction
time for operation in the linear regime. Specifically, the maximum
firing frequency is defined as the inverse of the predicted time from
the 1D model, see Eqs. (4)–(10), for the fluid motion to fully extinguish
(reaching 1% of the final volume displaced) due to viscosity, as shown
9

in the inset in Fig. 10b. Channel and resistor geometry dimensions are
specified in Appendix B. In Fig. 10b, linear operation is specified as all
points below the power law curve fit, shown in green, and non-linear
operation is specified as all points above the power law curve fit, shown
in yellow. We note that the time required for fluid motion to extinguish
is significantly longer than the time required for the vapor bubble to
fully re-dissolve back into the subcooled liquid, 100’s μs vs. 10,000’s μs,
unlike the case for micro-scale geometries studied by Govyadinov et al.
(2016) This effect is due to the fluidic resistance scaling with 1/𝑑4 as
described below for a circular channel

𝑅𝑓𝑙𝑢𝑖𝑑𝑖𝑐 =
128𝜇𝐿
𝜋𝑑4

(17)

where 𝜇 is the viscosity, L is the channel length, and d is the diameter.
As such, the secondary pumping effect is dominant in mesofluidic
systems with thermal bubble-driven micro-pumps since it takes longer
for viscosity to extinguish fluid motion. To operate in the linear regime,
meso-scale thermal bubble-driven micro-pumps can only operate at
frequencies on the order of 25–100 Hz depending on the resistor area,
Fig. 10b.

For commercial devices, it is expected that meso-scale thermal
bubble-driven micro-pumps may need to pulse faster than 100 Hz to
achieve desired flow rates. As a result, additional study will be required
to understand the decay in per pulse flow rate for meso-scale thermal
bubble-driven micro-pumps, which is beyond the scope of this current
study and left for future work.

5.4. Bubble strength as a function of resistor size

The flow rate per pulse of thermal bubble-driven micro-pumps de-
pends on resistor area, channel geometry, and electrical firing parame-
ters. In this study, we use fully developed vapor bubbles, as discussed
in Section 5.1, in order to reduce the flow rate dependency to resistor
and channel geometric dimensions. The channel cross-section affects
the fluidic resistance and thus greatly influences the resulting flow rate;
similarly, as the channel length increases, additional fluid mass causes
the flow rate to decrease (Kornilovitch et al., 2022). To more generally
characterize the pumping performance of thermal bubble-driven micro-
pumps, we follow the convention put forth from Kornilovitch et al. in
which the characteristic bubble strength 𝑞𝑜, defined in Eq. (4), is used
to represent the momentum imparted to the fluid thus making this
phenomenological parameter independent of channel geometry (Ko-
rnilovitch et al., 2022, 2013). Here, five resistors of areas 100 × 200,
200 × 400, 300 × 600, 400 × 800, and 500 × 1000 μm2 were placed
in meso-channels with design widths equal to the resistor design width
plus 50 μm tolerance and channel heights approximately 342 μm. The
resistor position from the edge of the reservoir, channel width, channel
height, and channel length were measured using a Keyence VK X-
1100 optical profilometer. For a complete list of dimensional data
for resistors and channels, see Appendix B. Particles were seeded in
the fluid and a custom optical microscope setup was used to perform
particle tracking to measure the flow rate for each resistor and channel
design. Once the flow rate per pulse was estimated, see Section 3.3,
Eqs. (4)–(10) were cast as a least-squares optimization problem to
estimate the bubble strength, 𝑞𝑜. For each resistor area, three different
channel lengths of the same cross-section were used in order to better
estimate the bubble strength as done by Kornilovitch et al. since the
bubble strength is invariant of the channel length (Kornilovitch et al.,
2022).

Fig. 11 illustrates the dependence of the bubble strength, 𝑞𝑜, on
the resistor area. As expected, the bubble strength linearly increases
with the resistor area. In this study, resistors with areas spanning three
orders of magnitudes from micro-scale to meso-scale were used to
predict the scaling relationship of bubble strength. The 15 × 33.3 μm2

resistor data was taken from work done by Govyadinov et al. on
micro-scale thermal bubble-driven micro-pumps (Govyadinov et al.,
2016). Specifically, we find the following empirical linear relationship
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Fig. 9. Frequency dependence of pumping — illustrates the dependence of flow rate per pulse on the resistor firing frequency. The 300 × 600 μm2 resistor was placed 926 μm
from the inlet of a U-shaped 366 × 329 μm2 (width × height) rectangular channel of length, L = 7.191 mm. The 400 × 800 μm2 resistor was placed 1563 μm from the inlet of a
U-shaped 469 × 332 μm2 rectangular channel of length, L = 10.105 mm. The 500 × 1000 μm2 resistor was placed 1752 μm from the inlet of a U-shaped 573 × 332 μm2 rectangular
channel of length, L = 11.558 mm. Flow rate data was recorded for 𝑁 = 2500 firing events for each firing frequency. Each firing frequency sample was performed in triplicate.

Fig. 10. Operating mode of meso-scale resistors — illustrates the maximum firing frequency to operate in the linear and non-linear regimes as a function of resistor area. In (a),
the collapse time of a vapor bubble is used to set the linear vs. non-linear regime for the maximum firing frequency to ensure vapor bubbles do not overlap in time. The inset
image defines the collapse time for a vapor bubble from a 100 × 200 μm2 resistor in the open channel configuration. Open channel resistor areas were 50 × 100, 100 × 200,
200 × 400, 300 × 600, 400 × 800, and 500 × 1000 μm2. Closed channel resistor areas were 100 × 200, 200 × 400, 300 × 600, 400 × 800, and 500 × 1000 μm2 with channel
dimension defined in Appendix B. In (b), the extinguish time required for fluid motion to stop, defined as when the volume displaced per pulse is within 1% of the final volume
displaced, is used to set the linear vs. non-linear regime for the maximum firing frequency to ensure firing pulses do not overlap in time. Resistor areas were 100 × 200, 200 ×
400, 300 × 600, 400 × 800, and 500 × 1000 μm2 with channel dimension defined in Appendix B. The inset image defines the extinguish time for fluid based on 1D model volume
displaced simulations from a 100 × 200 μm2 resistor. Each resistor was tested in triplicate in which error bars are one standard deviation from the mean. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. Bubble strength dependence on resistor area — describes the dependence of the bubble strength, 𝑞𝑜, on the resistor area. Each resistor area design was tested in triplicate
with 3 different channel lengths to compute an average bubble strength using the 1D model. Specifically, Eqs. (4)–(10) were cast as a least-squares optimization problem to
estimate the bubble strength, 𝑞𝑜. The 15 × 33.3 μm2 resistor case study is included based on data from Govyadinov et al. (2016) The firing frequency was 10 Hz across all tests
and 𝑁 = 2500 firing events was used to determine the per pulse flow rate for each test. The y-intercept of the model fit was forced to zero in order to better approximate the
bubble physics; that is, a resistor of zero area will have zero bubble strength. The R2 value is 0.96.
between bubble strength, 𝑞𝑜 [kgm∕s], and the resistor area, A [m2],
with the fitting constant, k [ kg

m s ]:

𝑞𝑜(𝐴) = 𝑘𝐴 =
(

1.253 × 10−12
)

𝐴. (18)

To our knowledge, this is the first work that describes the empirical
relationship between bubble strength and resistor area in an attempt
to make the reduced parameter 1D model of thermal bubble-driven
micro-pumps more generalized. Instead of requiring experimental data
to estimate the bubble strength for a particular microfluidic channel
with a thermal bubble-driven micro-pump of a given area, this work
provides an estimate for the bubble strength as a function of the resistor
area thus eliminating the need for experimental data to perform a
first-order analysis of thermal bubble-driven micro-pumps.

6. Conclusions

Thermal bubble-driven micro-pumps are an upcoming micro-pump
technology to move fluid at the micro to meso-scale without any
moving parts and can be integrated directly into micro/mesofluidic
channels showing great promise to enable true ‘‘lab-on-a-chip’’ tech-
nologies. For instance, these integrated micro-pumps could play a
crucial role in single cell isolation, cell sorting, cell lysing, and even
microfluidic mixing. In this work, a comprehensive scaling analysis is
performed ranging from the resistor firing parameters to the effect of
resistor area on flow rate in order to study the frequency dependence
of pumping, the maximum firing frequency for micro to meso-scale
resistors to operate in the linear regime, and derive an empirical
relationship between bubble strength and resistor area. Specifically, it
was found that the per pulse flow rate increased as the resistor firing
frequency increased (an approximate 1.4X increase from 2 Hz to 35 Hz
for a 300 × 700 μm2 resistor). The flow rate dependency on firing
frequency was hypothesized to be due to residual heat buildup within
the substrate of the micro-pumps. Additionally, it was found that it
took approximately 100X longer for fluid motion to be extinguished in
meso-scale devices than that at the micro-scale which is to be expected
due to scaling of the fluidic resistance. Lastly, it was found that the
following empirical scaling law describes the bubble strength as a
function of resistor area: 𝑞𝑜(𝐴) = (1.253 × 10−12)𝐴 [kgm∕s], which had
an R2 value of 0.96. Moreover, the developed empirical scaling law of
bubble strength as a function of resistor area allows for the 1D model
describing thermal bubble-driven micro-pumps to be used without the
11
need for experimental data as was previously required. With use of this
scaling law, we envision the reduced parameter 1D model as a first-
order design tool for microfluidic designers to rapidly predict the size
of a thermal bubble-driven micro-pump needed for a desired flow rate.
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Table B.1
Resistor and channel dimensions — key resistor and channel dimensions used in this study are reported for completeness and reproducibility.
Dimensional data for resistors and micro/meso-channels used in Fig. 9 as well as Fig. 10 are illustrated. Distance from reservoir, 𝑥𝑜, is defined
as the distance from the reservoir to the midpoint of the resistor (see Fig. 1a). Data from Fig. 10 is color coded according to each repetition
used in the study to estimate the bubble strength. For each resistor area, three different channel lengths of the same cross-section were used
in order to better estimate the bubble strength as done by Kornilovitch et al. since the bubble strength is invariant of the channel length
(Kornilovitch et al., 2022).
Fig. 9 – Frequency dependence of pumping

Resistor Channel

Width (μm) Length (μm) Width (μm) Height (μm) Length (mm) Distance from Reservoir, 𝑥𝑜 (μm)

300 600 366 329 7.191 926
400 800 469 329 10.105 1563
500 1000 573 332 11.558 1752

Fig. 10 – Operating mode of meso-scale resistors

Resistor Channel

Width (μm) Length (μm) Width (μm) Height (μm) Length (mm) Distance from Reservoir, 𝑥𝑜 (μm)

100 200 194 342 3.947 322
200 400 269 343 5.477 404
300 600 361 336 7.791 1003
400 800 467 340 8.105 859
500 1000 574 336 8.388 986
100 200 150 329 2.974 390
200 400 254 343 4.677 586
300 600 367 330 7.191 926
400 800 469 332 10.105 1563
500 1000 573 332 11.588 1752
100 200 149 340 2.574 256
200 400 245 332 4.077 408
300 600 367 336 8.791 693
400 800 469 336 9.105 803
500 1000 551 335 10.188 1168
Appendix A. Calculation of 𝜿 for a rectangular channel of cross-
ectional area a × b

Here, we follow the derivation for the viscous stress dissipation fac-
or 𝜅 put forth by Kornilovitch et al. (2013) and apply it to a rectangular
hannel cross-section. Let a and b be the rectangle dimensions along
he 𝑦 and z axis respectively. The series solution for the velocity profile
nd flow rate are given by the following expressions (Timoshenko and
oodier, 1970):

𝑥(𝑦, 𝑧) =
𝛥𝑃
𝜇𝐿

16
𝑎𝑏

∞
∑

𝑛,𝑚=0

𝑠𝑖𝑛(𝑝2𝑛+1𝑦)𝑠𝑖𝑛(𝑞2𝑚+1𝑧)

𝑝2𝑛+1𝑞2𝑚+1
(

𝑝22𝑛+1 + 𝑞22𝑚+1
) (A.1)

𝑄 = 𝛥𝑃
𝜇𝐿

64
𝑎𝑏

𝑆1(𝑎, 𝑏) (A.2)

where

𝑝2𝑛+1 =
𝜋(2𝑛 + 1)

𝑎
(A.3)

𝑞2𝑚+1 =
𝜋(2 𝑚 + 1)

𝑏
(A.4)

𝑆1(𝑎, 𝑏) =
∞
∑

𝑛,𝑚=0

1

𝑝2𝑛+1𝑞2𝑚+1
(

𝑝22𝑛+1 + 𝑞22𝑚+1
) . (A.5)

The velocity profile can be re-written in terms of the average velocity,
⟨𝑣⟩ = Q/A.

𝑉𝑥(𝑦, 𝑧) = ⟨𝑣⟩ 𝑎𝑏
4𝑆1

∞
∑

𝑛,𝑚=0

𝑠𝑖𝑛(𝑝2𝑛+1𝑦)𝑠𝑖𝑛(𝑞2𝑚+1𝑧)

𝑝2𝑛+1𝑞2𝑚+1
(

𝑝22𝑛+1 + 𝑞22𝑚+1
) (A.6)

alculation of the viscous stress tensor and integrating over the wall
erimeter gives the total viscous force which can be re-written as F
𝜅⟨𝑣⟩𝐿 to agree with the one-dimensional model. In the case of a

ectangular channel cross-section (Timoshenko and Goodier, 1970),

= 𝑎𝑏𝜇
𝑆2(𝑎, 𝑏) (A.7)
12

𝑆1(𝑎, 𝑏)
where

𝑆2(𝑎, 𝑏) =
∞
∑

𝑛,𝑚=0

1
(

𝑝22𝑛+1𝑞
2
2𝑚+1

) . (A.8)

Appendix B. Dimensions of channels and resistors tested

A full list of resistor and channel dimensions used in this paper are
provided in Table B.1 for completeness.
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